Let Σ g (g > 1) be a closed surface embedded in S 3 . If a group G can acts on the pair (S 3 , Σ g ), then we call such a group action on Σ g extendable over S
Introduction
Let Σ g be the orientable closed surface with genus g, V g be the handlebody with genus g. We always assume g > 1. Following all the maps and group actions are smooth. Let e : Σ g ֒→ S 3 be an embedding. In [WWZZ1] we considered a group action G on Σ g which can also acts on the pair (S 3 , Σ g ), such that ∀h ∈ G we have h • e = e • h. We call such a group action on Σ g extendable over S 3 with respect to e. Notice that if G is extendable and h ∈ G is an element which equals identity on Σ g , then h is identity on the whole S 3 . Hence we always assume that the group action is faithful on both Σ g and S 3 .
In [WWZZ1] we defined CE g (AE g ) to be the maximum order of all extendable cyclic (abelian) groups acting orientation-preservingly on both Σ g and S 3 . We also introduced notations C g and CH g (A g , AH g ) to be the maximum order of all cyclic (abelian) groups which can act orientationpreservingly on Σ g and V g . All these numbers have been determined, see [St] , [Ha] , and [Wa] for C g ; [MMZ] for CH g ; [WWZZ1] for CE g ; [Ma] for A g ; [MMZ] , [MeZ] , [RZ1] and [WWZZ1] for AH g ; [WWZZ1] for AE g . The results are in the following table:
Theorem 1.1.
Cyclic
Abelian C g (A g ) 4g + 2 4g + 4 CH g (AH g ) 2g + 2 (g even), 2g (g odd) 2g + 2 (g = 5), 16 (g = 5) CE g (AE g ) 2g + 2 (g even), 2g − 2 (g odd) 2g + 2
Let C g (−) and CH g (−) (A g (−), AH g (−)) be the maximum order of all finite cyclic (abelian) groups which can act orientation-reversingly on Σ g and V g (contains element which reveres the orientation of Σ g or V g ). We have also known the following, see [Wa] : Proposition 1.2. C g (−) is 4g + 4 when g is even and 4g − 4 when g is odd.
Theorem 1.3. The maximum order of cyclic group actions on Σ g is 4g + 4 when g is even and 4g + 2 when g is odd.
In this paper we will delete the orientation preserving restrictions in [WWZZ1] and give the following results: Theorem 1.4. The maximum order of extendable cyclic group actions is 4g + 4 when g is even and 4g − 4 when g is odd; the maximum order of extendable abelian group actions is 4g + 4. This is a direct corollary of Theorem 1.9, in which we classify the extendable group actions and give the maximum orders of each class.
We also determined CH g (−), A g (−) and AH g (−). The methods and results in the proof also play an important role in the proof of Theorem 1.9. We have the following: Proposition 1.5. AH g (−) is 4g + 4 when g = 5 and 32 when g = 5. A g (−) equals to AH g (−). Proposition 1.6. CH g (−) can be determined. Precisely For g odd, CH g (−) = M ax{2kn | g = kn − k + 1, k, n ∈ Z >0 , 2 ∤ k, 2 ∤ n}. For g even, CH g (−) = M ax{2[m, n] | g = [m, n]−(m+n)/(m, n)+1, m, n ∈ Z >0 , 2 ∤ m, 2 ∤ n}.
As a corollary, we get the following result: Theorem 1.7. CH g (−) also gives the maximum order of cyclic group actions on V g ; A g (−) (or AH g (−)) also gives the maximum order of abelian group actions on Σ g and V g . Now we introduce some more new notations and then give Theorem 1.9.
Let G be an extendable group defined in the first paragraph. Since we will only concern the maximum order of G, we always assume Σ g is a subsurface in S 3 . According to whether there is an element in G reversing the orientation of Σ g or S 3 , we have five types of extendable group actions.
If every element in G preserves the orientation of Σ g , there are two types of extendable group actions:
(a)Type (+, +): every element in G preserves the orientation of S 3 .
(b)Type (+, −): ∃ element h in G reverses the orientation of S 3 .
If ∃ element h in G reverses the orientation of Σ g , there are three types of extendable group actions: (c)Type (−, +): every element in G preserves the orientation of S 3 .
(d)Type (−, −): every element in G preserves or reverses the orientation of both Σ g and S 3 .
(e)Mixed Type: ∃ element h 1 in G preserves the orientation of Σ g and reverses the orientation of S 3 . Also ∃ element h 2 in G reverses the orientation of Σ g and preserves the orientation of S 3 .
In Type (+, +) and Type (−, −), every element in the group does not change the two sides of Σ g . In Type (+, −), Type (−, +) and Mixed Type, there is an element in the group does change the two sides of Σ g . Let G o be the subgroup of G containing all the elements which preserve both the orientations of Σ g and S 3 . In Type (+, +), G = G o ; In Type (+, −), Type (−, +) and Type (−, −),
When G is some kind of finite group, we can ask what is the maximum of |G|, the order of the group. For finite extendable cyclic (abelian) group actions we define the maximum orders |G| corresponding to the above five types are CE g , CE g (+, −), 
Hence CE g (M ix) does not exist. We can also show AE g (M ix) does not exist when g is odd. The main result of this paper is the following table:
Theorem 1.9.
Abelian Type (+, +) 2g + 2 (g even), 2g − 2 (g odd) 2g + 2 Type (+, −) 2g + 2 4g + 4
This means the maximum symmetries on surfaces that appeared in classical results can actually be seen in our space.
In section 2, we give four kinds of examples which give the lower bounds of the above numbers. By these examples, we can easily get CE g (−, +),
In section 3, we give a brief introduction to the orbifold theory and some facts which will be used later.
In section 4, we firstly proof that A g (−) = AH g (−) which complete the proof of Proposition 1.5. Then we complete the proof of Abelian part of Theorem 1.9.
In section 5, we use orbifold theory to describe group actions on handlebody with |G| > g − 1, then give an algorithm to calculate CH g (−).
In section 6, using the methods and results in section 3 and 5 we can get CE g (−, −) and CE g (+, −), hence complete the proof of Theorem 1.9.
Examples
First we describe an example which gives lower bounds of CE g (−, +) (g even), CE g (+, −), CE g (−, −), AE g (+, −), AE g (−, +), AE g (−, −) and AH g (−) (g = 5).
Example 2.1. (Cage) For every g > 1, we will construct some finite cyclic and abelian group actions on a Heegaard splitting S 3 = V g ∪ Σg V ′ g . Consider S 3 as the unit sphere in C 2 ,
Connect each a 2l to each b 2k with the shortest geodesic in S 3 and similarly each a 2l+1 to each b 2k+1 , here l = 0, 1 and k = 0, 1, . . . , g. Then we get two two-parted graphs Γ, Γ ′ ∈ S 3 each has 2 vertices and g + 1 edges, and they are in the dual position, see Figure 1 . The left one is a sketch map, the right one presents exactly how the graphs look like. All the graphs have been projected to R 3 from S 3 − {−1}. 
Let D 1,m be the meridian disk in V 1 which have equal distance between a m and a m+1 (mod 4), and D 2,n be the meridian disk in V 2 which have equal distance between b n and b n+1 (mod 2g + 2), then T and all these disks cut S 3 into 2g + 6 cylinders. Denote V the union of cylinders which intersects Γ, similarly V ′ . It is easy to see V and V ′ are two handlebodies, and ∂V = ∂V ′ = Σ g is our Heegaard surface.
We have the following three isometries on S 3 which preserves the graph Γ ∪ Γ ′ , the torus T and the disks, hence also Σ g :
Here τ and ρ preserve the orientation of S 3 and σ reverses the orientation of S 3 .
If g is even, τ has order 4g + 4 and τ 2 ρσ has order 2g + 2.
For every g, τ σ has order 2g +2. τ σ, ρ , τ, ρ , τ 2 , ρ, σ are all abelian groups with order 4g + 4.
Hence the above groups give examples of extendable group actions.
τ gives the example of extendable cyclic group action of Type (−, +) with order 4g + 4 when g is even. Notice that this is also the maximum order of cyclic group action on Σ g when g is even.
τ σ gives the example of extendable cyclic group action of Type (+, −) with order 2g + 2. τ 2 ρσ gives the example of extendable cyclic group action of Type (−, −) with order 2g + 2 when g is even. When g is odd, replace g by g − 1, then add the shortest geodesics a 0 a 1 and a 0 a 3 to Γ, we get a graph Γ 1 . The regular neighborhood boundary of Γ 1 is a closed surface with genus g. Now g − 1 is even. Hence τ 2 ρσ gives an example of extendable cyclic group action of Type (−, −) with order 2g when g is odd.
τ σ, ρ gives the example of extendable abelian group action of Type (+, −) with order 4g + 4. Notice that this is also the maximum order of orientation preserving abelian group action on Σ g . τ, ρ gives the example of extendable abelian group action of Type (−, +) with order 4g + 4. τ, ρ, σ gives the example of extendable abelian group action of Type (−, −) with order 4g + 4. This is also a lower bound of AH g (−) when g = 5.
The following example gives a lower bound of CE g (−, +) when g is odd.
Example 2.2. (Wheel) For every g > 1, we will construct a cyclic group action on a Heegaard splitting
For any genus g, let
Connect a i to a i+g−1 with the shortest geodesics in S 3 , and similarly
Then we get two graphs Γ, Γ ′ ∈ S 3 , and they are in the dual position, see Figure 2 . The left one is a sketch map, the right one presents exactly how the graphs look like. All the graphs have been projected to R 3 from S 3 − {−1}.
, here ǫ is a small positive number. T ǫ divides S 3 into two solid torus
and
be the annulus in V 2 which separates L 1 and L 2 . A cuts V 2 into 2 solid torus. Denote V the union of the solid torus and cylinders which intersects Γ, similarly V ′ . Then V and V ′ are two handlebodies, and ∂V = ∂V ′ = Σ g is our Heegaard surface.
We have the following isometry on S 3 which preserves the graph Γ ∪ Γ ′ , the torus T , the disks {D k } and the annulus A, hence also Σ g :
Here ϕ preserve the orientation of S 3 . If g is even, ϕ has order 2g − 2. If g is odd, ϕ has order 4g − 4.
Hence ϕ gives the example of extendable cyclic group action of Type (−, +) with order 4g−4 when g is odd. Notice that this is also the maximum order of orientation reversing cyclic group action on Σ g when g is odd.
The following example gives a lower bound of AH g (−) when g = 5.
Example 2.3. For g = 5, there is an action of (Z 2 ) 5 on V 5 . As in Fig We will describe the five generators {σ 1 , σ 2 , ρ 1 , ρ 2 , r} of the group action G ∼ = (Z 2 ) 5 : on each ball σ 1 is a π-rotation about the axis through the front and back points along the given arrows, shown as in Figure 3 , which interchanges a 1 and a 2 (resp. c 1 and c 2 ), but keeps each b i and d i , i = 1, 2. Similarly σ 2 ∈ G is a π-rotation about the axis through the top and bottom points on each ball, which interchanges b 1 and b 2 , (resp. d 1 and d 2 ), but keeps each a i and c i , i = 1, 2. The generator ρ i is a π-rotation of the whole handlebody about the axis l i , i = 1, 2. r is a reflection about the paper plane. One can check that {σ 1 , σ 2 , ρ 1 , ρ 2 , r} generates the abelian group G.
, by Theorem 1.1 (or Proposition 1.2) and the above three examples we get CE g (−, +), AE g (+, −), AE g (−, +), AE g (−, −) in Theorem 1.9 and AH g (−) in Proposition 1.5.
The following example gives a lower bound of AE g (M ix) when g is even.
Example 2.4. (Fork) For every even g > 1, we will construct an abelian group action on a Heegaard splitting
Connect a 0 to each b 2k with the shortest geodesic in S 3 and similarly a 1 to each b 2k+1 , here k = 0, 1, . . . , g/2. Then we get two trees Γ, Γ ′ ∈ S 3 . The sphere Π = {(z 1 , z 2 ) ∈ C 2 | z 1 ∈ R} ∩ S 3 cuts S 3 into two balls B 0 and B 1 , such that a 0 ∈ B 0 and a 1 ∈ B 1 . The two trees Γ ∪ Γ ′ and the sphere Π are shown in Figure 4 .
g , their common boundary is our subsurface Σ g . We have the following two isometries on S 3 which preserve the graph Γ ∪ Γ ′ and the sphere Π, hence also Σ g :
Here τ preserves the orientation of S 3 and σ reverses the orientation of S 3 and τ σ = στ . τ, σ is an abelian group with order 2g + 4. τ σ and τ satisfy the condition of extendable group action of Mixed Type. Hence the above group gives an example of required extendable abelian group action.
An brief introduction to orbifold theory
For orbifold theories, see [Th] , [Du1] and [BMP] . And we recall handlebody orbifold theory from [MMZ] and [Zi1] . We only give a brief introduction for later use. Some contents below have appeared in [WWZZ1] or [WWZZ2] .
The orbifolds we consider have the form M/H, where M is a n-manifold and H is a finite group acting faithfully on M . For each point x ∈ M , denote its stable subgroup by St(x) , its image in M/H by x ′ . If |St(x)| > 1, x ′ is called a singular point and the singular index is |St(x)|, otherwise it is called a regular point. If we forget the singular set we get a topological space |M/H| which is called underlying space. M/H is orientable if M is orientable and H preserve the orientation; M/H is connected if |M/H| is connected.
We can also define covering spaces and fundamental group for an orbifold. There is a one to one correspondence between orbifold covering spaces and conjugacy classes of subgroup of the orbifold fundamental group, and regular covering spaces correspond to normal subgroups. A Van-Kampen theorem is also valid, see [BMP] . In the following, covering space or fundamental group refers always to the orbifold setting. Definition 3.1. A discal orbifold (spherical orbifold) has the form B n /H (S n /H), where B n (S n ) is the n-dimension ball (sphere) and H a finite group acting orientation-preservingly on the corresponding manifold. A handlebody orbifold has the form V g /H.
By a classical result for topological actions, B 2 /H or local model of 2-orbifold is a disk, possibly with one singular point. Then it can be shown that S 2 /H or local models of 3-orbifold are listed below, corresponding to the five classes of finite subgroups of SO(3). Fact B 3 /H also belongs to one of these five models with underlying space |B 3 /H| a 3-ball.
The following two facts about cyclic actions on B 3 and S 3 will be used in later discussion:
Fact There are only two orientation-reversing Z 2 actions on B 3 which are not equivalent, one is reflection r, the other is antipodal map a.
Fact Let h be a diffeomorphism of S 3 with finite order. If h reveres the orientation of S 3 , then F ix(h) is a S 2 or a two points set. If h preserves the orientation of S 3 and has non-empty fixed point set, then F ix(h) is a circle.
By the equivariant Dehn lemma, see [MY] , it is easy to see that a handlebody orbifold is the result of gluing finitely many 3-discal orbifolds along some 2-discal orbifolds. And such gluing respecting orientations always gives us a handlebody orbifold.
Suppose the action of G on Σ g is extendable w.r.t. some embedding e : Σ g ֒→ S 3 ; letΓ = {x ∈ S 3 | ∃ g ∈ G \ {Id}, s.t. gx = x}. As locally there are only five kinds of model,Γ is a graph, possibly disconnected, and S 3 /G is a 3-orbifold whose singular set Γ =Γ/G a trivalent graph. Each edge of Γ can be labeled by an integer n > 1 which indicates its singular index. At each vertex the labels m, q, r of the three adjacent edges should satisfy 1/m + 1/q + 1/r > 1. The 2-orbifold Σ g /G maps to the 2-suborbifold e(Σ g )/G whose singular set e(Σ g )/G ∩ Γ consists of isolated points.
We then have an orbifold covering p : S 3 → S 3 /G and an orbifold embedding e/G : Σ g /G ֒→ S 3 /G. Conversely, if we have an orbifold embedding from a 2-orbifold to a spherical orbifold and the preimage of the 2-suborbifold in S 3 is connected then we find an extendable action of G on some surface with respect to some embedding. Definition 3.2. An orientable 2-suborbifold F in an orientable 3-orbifold O is compressible if either F is spherical and bounds a discal 3-suborbifold in O, or there is a simple closed curve in F (not meeting the singular set) which bounds a 2-discal orbifold in O, but does not bound a 2-discal orbifold in F. Otherwise F is called incompressible.
Lemma 3.3. Any 2-suborbifold F in a spherical orbifold S 3 /G is compressible.
Proof. F cuts S 3 /G into two parts O 1 , O 2 , and p −1 (F) cuts S 3 into several components M 1 , M 2 , · · · , M k , each of which will be mapped by p to one of the two parts.
If F is spherical, p −1 (F) is a disjoint union of 2-spheres. By the irreducibility of S 3 and B 3 , one M i must be a ball, hence one O i is a discal 3-suborbifold and we have the result by definition.
Otherwise, F = p −1 (F) is a disjoint union of homeomorphic closed surfaces in S 3 of genus g ≥ 1. Since F is compressible in S 3 we can find an innermost compressing disk D. Suppose D is in M i . By the equivariant Dehn Lemma we can find equivariant compressing disks in M i . The image of these disks in S 3 /G is a 'compressing disk' in the orbifold.
Lemma 3.4. Suppose F is a 2-suborbifold of a spherical orbifold S 3 /G and |F| is homeomorphic to S 2 .
(1) If F has not more than three singular points then F is spherical and bounds a discal 3-orbifold.
(2) If F has four singular points then F bounds a handlebody orbifold in S 3 /G.
Proof. As a 2-suborbifold, F should be spherical or has 'compressing disk' by Lemma 3.3.
(1) If F has no more than three singular points, every simple closed curve in F bounds a discal orbifold in F. So F has no 'compressing disk' and hence is spherical, and then bounds a discal 3-orbifold.
(2) If F has four singular points, F is not spherical and hence has a 'compressing disk' D. Then ∂D separate F into two discal orbifolds D 1 , D 2 , each of which contains two singular points. Now D 1 ∪ D and D 2 ∪ D are 2-suborbifolds in S 3 /G each of which contains no more than three singular points; by the above argument each of them bounds a discal 3-orbifold. There are two cases: in the first case the two discal 3-orbifolds meet only along the boundary, and the result is clearly a handlebody orbifold; in the other case one is contained in the other, and again we get a handlebody orbifold.
In the later case the singular set of the handlebody orbifold contains two arcs. Hence, F bounds a handlebody orbifold in S 3 /G.
All the bounded handlebody orbifolds above have the shape below.
(a) (b) Figure 6 Lemma 3.5. Suppose F is a 2-suborbifold of a spherical orbifold S 3 /G and |F| is homeomorphic to T 2 . If F has not more than two singular points and p −1 (F) is connected in S 3 , then F bounds a handlebody orbifold in S 3 /G.
Proof. By Lemma 3.3, there is a 'compressing disk' D with ∂D a simple closed curve on |F| ≃ T 2 . If ∂D is trivial on T 2 , it bounds a disk on T 2 which contains two singular points. When cut along ∂D we get a new 2-suborbifold with no more than one singular point and also contains a 'compressing disk' whose boundary is nontrivial, see Figure 7 . Hence we can always assume ∂D is nontrivial on T 2 . Case 2, D contains no singular point. Then V is a 3-discal orbifold which contains F. Since p −1 (F) is connected in S 3 , V ′ = S 3 /G − V is also a 3-discal orbifold. F bounds V ′ ∪N (D) which is a handlebody orbifold. We now consider handlebody orbifolds. Handlebody orbifolds are gluing results from a couple of 3-discal orbifolds along some 2-discal orbifolds. We can view the 3-discal orbifolds as vertices and the gluing 2-discal orbifolds as edges. Labeled the vertices and the edges the fundamental group of the corresponding 3-discal orbifolds and 2-discal orbifolds we get a finite graph of finite groups. Now let G be a finite group orientation-preservingly acting on V g . Associated to this action there is a handlebody orbifold V g /G, a finite graph of finite groups (Γ, G) and a surjection φ : π 1 (Γ, G) −→ G whose kernel is isomorphic to a free group of rank g; in particular, φ is injective on the finite vertex groups of (Γ, G). Here π 1 (Γ, G) denotes the fundamental group of the graph of groups or of the corresponding handlebody orbifold: this is the iterated free product with amalgamation and HNN-extension over the vertex groups, amalgamated over the edge groups of a maximal tree, with the HNN-generators corresponding to the edges in the complement of the chosen maximal tree. We denote by
the Euler characteristic of the graph of groups (Γ, G) (the sum is taken over all vertex groups G v resp. edge groups G e of (Γ, G)); then
The vertex groups G v are isomorphic to finite subgroups of SO(3), the edge groups G e are cyclic groups which are either trivial or maximally cyclic in the adjacent vertex groups. We can also assume that the edge group of an edge which is not a loop (not closed) does not coincide with one of the two vertex groups of the edge.
Conversely, to each such finite graph of finite groups associated to a handlebody orbifold and finite-injective surjection φ : π 1 (Γ, G) → G, there is a corresponding orientation-preserving action of G on a handlebody V g of genus g.
Extendable Abelian group action of Mixed Type
We firstly proof A g (−) = AH g (−) hence complete Proposition 1.5.
Proof. Suppose G orientation reversingly acts on Σ g . G o is the orientation preserving index two subgroup. Hence we have a 2-sheet orbifold covering Σ g /G o → Σ g /G, and the covering transformation τ is orientation reversing. Let q 1 , · · · , q α be the isolated singular points on Σ g /G o whose index greater than 2, p 1 , · · · , p β the isolated singular points on Σ g /G o whose index equals 2. Because G is abelian, q 1 , · · · , q α be paired under τ . This gives a pairing of the corresponding generators of the orbifold fundamental group of Σ g /G o . Since τ is orientation reversing and G is abelian, the pairing satisfy the condition of Theorem 2 of [RZ2] which imply G o can extend to a handlebody.
. And we have A g (−) = AH g (−). Now we deal with extendable abelian group actions of Mixed Type. It always require strong restrictions and we have: Proposition 4.1. If g is odd, then there are no extendable abelian group actions of Mixed Type.
Proof. Let Σ g be a subsurface in S 3 . We have S 3 = V ∪ Σg U . Using MVsequence
and 'half live half die' theorem on (V, ∂V ) and (U, ∂U ), here
We can choose a set of basis of H 1 (Σ g ), denote by {α 1 , α 2 , · · · , α g , β 1 , β 2 , · · · , β g }, satisfy the following conditions:
(1) {i V * (α k )} is a set of basis of H 1 (V ) and {i U * (β k )} is a set of basis of H 1 (U ), k = 1, 2, · · · , g.
(2) i U * (α k ) = 0 and i V * (β k ) = 0, k = 1, 2, · · · , g. Now consider the intersection product on H 1 (Σ g ). By the condition (2) we have α k • α l = 0 and β k • β l = 0, 1 ≤ k, l ≤ g, hence we have:
Here T is a g × g matrix with the (k, l) element α k • β l , and T t is the transposition of T . Now suppose h 1 ∈ G preserves the orientation of Σ g and reverses the orientation of S 3 , h 2 ∈ G reverses the orientation of Σ g and preserves the orientation of S 3 . Then both h 1 and h 2 change the two sides of Σ g , hence we can assume:
Using the orientation conditions and computing the intersection product, we have the following:
Hence we have A t T B = −T t and C t T D = T t . Since the group G is abelian, h 1 h 2 = h 2 h 1 , and we have:
This is equivalent to AD = CB and BC = DA.
The g × g matrixes A, B, C, D, T are all non degenerate. Computing the determinants we can get |A||T ||B| = (−1) g |T |, |C||T ||D| = |T | and |A||D| = |C||B|. Hence (−1) g = |ABCD| = |AD| 2 , and g must be even.
If g is even, there is extendable abelian group actions on Σ g of Mixed Type, and Example 2.4 gives the lower bound of AE g (M ix). We now proof that it is also the upper bound.
Proof. Suppose there is an Mixed Type extendable abelian group action G on Σ g which reach the maximum order. Let G o be the subgroup of G containing all the elements which preserve orientation of both Σ g and S 3 , then |G| = 4|G o |.
Choose h ∈ G reverses the orientation of S 3 , then the fixed point set F ix(h) is a 2-sphere or a two point set {N, S}. Now G is abelian, hence every element of G keeps F ix(h) invariant. Now G acts on the pair (S 3 , F ix(h) ). Let G o 1 be the subgroup of G containing all the elements which preserve orientation of both F ix(h) and S 3 . If F ix(h) is a two point set {N, S}, preserving the orientation of F ix(h) means fixing N and S.
is a cyclic group with order |G o 1 | ≥ 3, and hence has fixed point set a circle L.
1 is a 2-suborbifold in S 3 /G o 1 , which is orientable. This means G o 1 preserves orientation of both Σ g and S 3 . Because [G :
Mixed Type. Suppose the genus of |Σ g /G o | is g ′ and there are k singular points, then k must be even. By the Riemann-Hurwitz formula, we have:
By Example 2.4, |G o | ≥ (2g + 4)/4 = g/2 + 1. One can get all the possible solutions (g ′ , k, |G o |) = (2, 0, g − 1), (1, 2, g), (0, 4, g + 1), (0, 6, g/2 + 1). Consider the Z 2 ⊕ Z 2 action on the pair (
There is an element η preserves the orientation of S 3 /G o and reverses the orientation of Σ g /G o , η 2 = id. η change the handlebody orbifolds, hence we can assume η(AB) = AD. Hence we must have (g ′ , k, |G o |) = (0, 6, g/2 + 1), which is coincidence with Example 2.4.
The remaining cases are when
For |G| reach the maximum, we have g = 2 and |G| = 2g + 4. If G o 1 is Z 2 ⊕Z 2 , for |G| reach the maximum, |G| = 8 and g = 2, or |G| = 16. In the second case, G/G o 1 is also Z 2 ⊕ Z 2 , hence the order of every element in G is not greater than 4. If |G| > 2g +4, then g is 2 or 4. G orientation reversingly acts on the surface Σ g . Since G is abelian, the orientation preserving order 8 subgroup can extend to a handlebody, see the proof of Proposition 1.5 above. But the only such group action on V 4 is cyclic hence contains an element of order 8, see [WWZZ1] , and AH 2 = 6 < 8. This is a contradiction and we then finish the proof.
Group actions on handlebody
In this section we use orbifold theory to give a description of group actions on handlebody with |G| > g − 1, then we give an algorithm to calculate CH g (−).
Suppose there is a finite cyclic group G o which acts on V g orientationpreservingly and |G o | > g − 1. Let X = V g /G o be the handlebody orbifold, then χ(X) = χ(V g )/|G o |, so χ(X) ∈ (−1, 0). Let (Γ, G) be the graph of groups corresponding to the orbifold X, then for each vertex v ∈ Γ, G v is either trivial or a cyclic group. For each edge e ∈ Γ, G e is either trivial or cyclic, and if G e is a non-trivial cyclic group then the two ends of e corresponds to the same cyclic group. We can also assume that every nontrivial edge of (Γ, G) is a loop. The following discussing will give all the possible (Γ, G).
then all edges in E must be loops. Let Γ 0 = Γ − E, and if we view Γ 0 as a usual graph, we denote it by |Γ 0 |. It is easy to see
(1) χ(|Γ 0 |) = 0. This implies Γ 0 has only one non-trivial vertex v with G v = Z n , so Γ 0 must be equivalent to Z n and we must have Γ = Γ 0 . χ(Γ) = (1 − n)/n; 
Now if G = f is a cyclic group acting on V g which reach the maximum order CH g (−), then by Example 2.1, |G| = CH g (−) > 2(g − 1). The generator f is orientation-reversing. The index two subgroup G o act on V g orientation preservingly. Let X = V g /G o be the corresponding handlebody orbifold, then it belongs to one in the above list. Since there is a Z 2 action on X, this gives more restrictions to X.
We need the following lemma: Proof. Suppose there is a finite-injective surjective homomorphism Z m 1 * Z m 2 * . . . * Z mt → Z r , then it induces a surjective homomorphism Z m 1 ⊕ Z m 2 ⊕ . . . ⊕ Z mt → Z r which is injective on Z m i . For some prime number p, suppose the p-component in Z m i is Z p α i , and the p-component in Z r is Z p β . Because ϕ is injective on Z m i , it must map the generator of Z p α i to a element in Z p β of order p α i , so β ≥ max{α i }. On the other side, ϕ is surjective, so for the generator in Z p β , its preimage has order at least p β . These proof that t = max{α i }, so r = [m 1 , . . . , m t ].
For the case Z m 1 * Z m 2 * . . . * Z mt * Z * · · · * Z → Z r , the proof is similar, and we only need to consider the p-component in Z m i and Z r to show β ≥ max{α i }. Here the Z factor can provide the preimage of p β .
Here we use [m, n] to denote the least common multiple of m and n, and use (m, n) to denote the greatest common divisor of m and n.
In (1), |X| is a solid torus with a branched line labeled n, and there is a Z 2 action on |X|. The action must keep the branched line
easy to see the action have non zero Lefschetz number. That means there is a regular fixed point x ∈ |X| under the Z 2 action. Choose an inverse imagex in V g for x, then the stable subgroup {g ∈ G | g(x) =x} ∼ = Z 2 must keep some neighborhood N (x) in V g , which is a B 3 . And its generator is orientationreversing. But there is only one subgroup of G which is isomorphic to Z 2 , and its generator is f |G|/2 . So |G|/2 = |G o | must be odd. Now π 1 (X) ∼ = Z n * Z can only finite-injective surjectively map to a cyclic group Z kn . From this argument, we know that k and n must be both odd. In this case |G| = 2kn and by computing the Euler number g = kn − k + 1.
In (2.1), |X| is a B 3 , the Z 2 action on this B 3 can be either a reflection or an antipodal map. If {l, m, n} = {2, 2, n} and {2, 3, 3}, the Z 2 action on |X| must be a reflection, hence there must be a regular fixed point in |X|. By a similar argument as above, |G|/2 = |G o | must be odd. But there is one index 2 branched line in X, this is a contradiction.
If {l, m, n} = {2, 2, n} and n is odd, then under the Z 2 action there must be a fixed point x ∈ |X|, which lies on the branched line with index n. Consider a preimagex of x and the stable subgroup {g ∈ G | g(x) =x} ∼ = Z 2n . It has an order 2 element which reverses the orientation. So by the same argument as above, we have |G o | is odd. Then the index 2 branched line in X leads to a contradiction. Hence n must be even, and at this time π 1 (X) can only finite-injective surjectively map to Z n . So |G| = 2n and by computing the Euler number g = n, and we have |G| = 2g.
If {l, m, n} = {2, 3, 3}, π 1 (X) can only finite-injective surjectively map to Z 6 . So |G| = 12 and by computing the Euler number g = 6, hence also |G| = 2g.
In (2.2.1), |X| is a B 3 , the Z 2 action is either a reflection or a antipodal map. If it is a reflection, the reflection plane must contain a regular point in X. If it is a antipodal map, the only fixed point can not lie on the branched lines, hence is regular. The same argument as above requires that n and m must be both odd. Now π 1 (X) = Z n * Z m , the only finite-injective surjective map is to Z [m,n] . So |G| = 2[m, n] and g = 1 + [m, n] − (m + n)/(m, n).
and H i (Y ) = 0 for other i, the action also have non zero Lefschetz number. Hence there is regular fixed point x ∈ |X| under the Z 2 action. The same argument as above requires that n and m must be both odd. Note X has the same Euler number as in (1), so it will not give a lager group order than in (1).
All the possible handlebody orbifolds and the corresponding orders given above can be realized by orientation reversing cyclic group action on handlebodies. Case (1) and (2.2.1) give the maximum orders. In these cases m and n are odd, we can construct a reflection on |X|, with fixed points a subsurface S which intersects each singular arc in X at one point. S cuts X to two parts each of which homeomorphic to X itself. It is easy to see the reflection about S gives a reflection of the original handlebody, and we get orientation reversing cyclic group actions in these cases.
Although the above discussion can not give an exact result for CH g (−), we can give an algorithm to determine it. In case (1) g is odd, and we have k|g − 1 and n − 1|g − 1, so for a given g, there is at most finite possible k and n, by enumerating them, we can determine the maximum order. In case (2.2.1) g is even. Let d = (m, n), m = m ′ d, n = n ′ d, then we have g − 1 = m ′ n ′ d − m ′ − n ′ . It is easy to see d ≤ g, and for each fixed d, the possible m ′ and n ′ are at most finitely many, so by enumerating we can also determine the maximum order. Hence we have Proposition 1.6.
Maximum order of cyclic group actions
Now we turn to consider CE g (+, −) and CE g (−, −). Suppose G = f is a cyclic group acting on (S 3 , Σ g ) which reach the maximum order CE g (+, −) or CE g (−, −). Then G o = f 2 is an index two subgroup of G which acts on (S 3 , Σ g ) orientation-preservingly. This G o action can extend to some 3-manifold, hence can extend to a handlebody by Theorem 2 of [RZ2] . By Example 2.1, we have |G o | > g − 1, hence the type of the action on handlebody is like some one we have described before. Then Σ g /G o would be a 2-sphere with four singular points or a torus with two singular points. By Lemma 3.4 and 3.5, at least one component of S 3 \Σ g is a handlebody. Let this handlebody be V g , X = V g /G o be the handlebody orbifold.
The orientation-reversing homeomorphism f on S 3 must have a fixed point, hence the fixed point set of S 3 under the G o action is a one-component circle. So the branched lines in X are all belong to the image of the fixed point set, and they all have the same branched index |G o |.
If X is as in case (1), then |G o | = n and |G| = 2n. So χ(V g ) = |G o | · χ(X) = 1 − n, g = n. We have |G| = 2g.
If X is as in (2.1), then l = m = n. If l ≥ 3, then χ(X) ∈ (−1, 0). Else l = m = n = 2, then χ(X) = − 1 2 , and we must have |G o | = 2. So |G| = 4, χ(V g ) = −1, g = 2, and we have |G| = 2g.
If X is as in (2.2.1), then m = n = |G o |. Now G = 2n, χ(V g ) = |G o | · χ(X) = 2 − n, g = n − 1, and we have |G| = 2g + 2.
Since in S 3 , the fixed point set has only one component, the case of (2.2.2) can not happen.
The above argument together with Example 2.1 immediately give us CE g (+, −).
In the case of Type (−, −), by the above argument we know if |G| > 2g, then X must be as in (2.2.1). Since now the orientation reversing element of G also acts on V g , by the argument as in Section 3, we know that n must be odd, then g is even. Then combined with Example 2.1 we get CE g (−, −), hence complete the proof of Theorem 1.9.
Remark 6.1. When subsurface Σ g realizes the maximum order CE g (+, −) or CE g (−, +), then |G o | > g − 1, hence it always bounds a handlebody one side in S 3 . The changing sides element requires that the other side is also a handlebody. Hence this subsurface is a Heegaard surface. On the other hand for CE g and CE g (−, −), the realizing surfaces can be knotted. To see this we need only knot the surface locally in Example 2.1 and replace the other part by group actions.
